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Abstract
Discrete truncate power is very useful for studying the number of nonnegative integer solutions of linear
Diophantine equations. In this paper, some detail information about discrete truncated power is presented.
To study the number of integer solutions of linear Diophantine inequations, the generalized truncated power
and generalized discrete truncated power are de3ned and discussed, respectively. We use generalized discrete
truncated powers and multivariate splines to investigate the lattice points in rational polytopes. In particular,
we present the degree and period of multidimensional Ehrhart polynomial.
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1. Introduction
Let M be an s×n integer matrix with columns m1; : : : ; mn ∈Zs\{0} such that the only solution of
the equation Mx=0, x∈Rn+ is the zero vector, where R+ denotes the nonnegative real. Consequently,
if we denote the cardinality of A by #A we see that
t(	|M) = #{
∈Zn+: M
 = 	}; (1)
where Z+ denotes nonnegative integer. The t(	|M) is called as discrete truncated power. Discrete
truncated powers were 3rst introduced by Dahmen and Micchelli [3]. In [7], Dahmen and Micchelli
showed the piecewise structure of discrete truncated power. Moreover, they exploited the relationship
 Project is supported by The National Science Foundation of China.
∗ Corresponding author.
E-mail address: zhiqiang@student.dlut.edu.cn (Z. Xu).
0377-0427/03/$ - see front matter c© 2003 Elsevier B.V. All rights reserved.
doi:10.1016/S0377-0427(03)00561-2
150 R. Wang, Z. Xu / Journal of Computational and Applied Mathematics 159 (2003) 149–159
of t(	|M) to multivariate splines and established detailed information about t(	|M). In particular,
they reproved and extended certain results of Stanley about magic squares [13]. Following their
approach, Jia [11] solved a conjecture of Stanley about symmetric magic squares. Furthermore, the
discrete truncated power is also closely related to some classical problems in combinatorics, such as,
the volume of polytope, Frobenius problem, and Dedekind sums etc. Hence, the discrete truncated
power is not only important for multivariate spline but also useful for combinatorics.
In this paper, more detail information about t(	|M) is presented. To study the number of integer
solutions of linear Diophantine inequations, the generalized truncated powers and generalized discrete
truncated powers are de3ned and discussed. In special, we show the piecewise structure of the
generalized truncated power and generalized discrete truncated power. The number of lattice points
inside a convex lattice polytope in Rn has been studied intensively by combinatorialist, algebraic
geometers, number theorists, Fourier analysts, and diIerential geometers [8,12,14]. Hence, we use
generalized discrete truncated power and multivariate spline to investigate the lattice points in rational
polytopes and reprove some classical results about lattice points in rational polytopes. Some new
results are also presented.
Recall some notations (cf. [11]). We shall adopt the terminology of multiset theory (see [13]).
Intuitively, a multiset is a set with possible repeated elements; for instance {2; 2; 3; 5; 5}. Let A and
B be two subsets of Rm and c∈R. Then A − B is the set of all elements of the form a − b,
where a∈A and b∈B. The sets A + B and cA are de3ned in a similar way. The set A\B is the
complement of B in A. A subset  of Rm is called a cone if  +  ⊆  and c ⊆  for all
c¿ 0. If a cone is also an open set, then we call it an open cone. Let Y be an s × n matrix.
Y can be considered as a multiset of elements of Rs. The linear span of Y , denoted by span(Y ),
is the set {∑y∈Y ayy: ay ∈R for all y}. The cone spanned by Y , denoted by cone(Y ), is the
set {∑y∈Y ayy: ay¿ 0 for all y}. Let X be also a multiset of elements of Rm. As usual, the
convex hull of Y , denoted by conv(Y ), is the set {∑y∈Y ayy: ay¿ 0 for all y and ∑y∈Y ay = 1}.
The generalized cone spanned by (X; Y ), denoted by gcone(X; Y ), is the set span(X )+cone(Y ). The
generalized convex hull of (X; Y ), denoted by gconv(X; Y ), is the set {∑x∈X axx+∑y∈Y ayy: ax ∈R,
ay ∈R+ for all x; y and
∑
x∈X |ax|+
∑
y∈Y ay = 1}.
We shall use the standard multiindex notation. Speci3cally, an element 	∈Nm is called an
m-index, and |	| is called the length of 	. De3ne z	: = z	11 · · · z	mm for z = (z1; : : : ; zm)∈Cm and
	 = (	1; : : : ; 	m)∈Nm. Given k ∈Z, we denote by Pk = Pk(Rs) the linear space of polynomials of
degree 6 k. If k is a negative integer, then we interpret Pk as the trivial linear space {0}.
2. Multivariate truncated powers and generalized multivariate truncated powers
Let M be an s×n real matrix. Recall that M is also viewed as the multiset of its column vectors.
Throughout this section we assume that the convex hull of M does not contain the origin. The
multivariate truncated power T (·|M) associated with M was introduced by Dahemn [2]. The T (·|M)
is the distribution given the rule
T (·|M) : →
∫
Rn+
(Mu) du; ∈D(Rs); (2)
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where D(Rs) is the space of test functions on Rs, i.e., the space of all compactly supported and
in3nitely diIerentiable functions on Rs. From (2), we see that the support of T (·|M) is cone(M).
For more detailed information about T (·|M), the reader is referred to [2,9].
Let Y(M) denote the set consisting of those submultisets Y of M for which M\Y does not span
Rs. Let D(M) denote the linear space of those in3nitely diIerentiable complex-valued functions f
on Rs which satisfy the following system of linear partial diIerential equations: DYf=0, Y ∈Y(M).
It was proved in [4,9] that D(M) ⊆ P#M−s.
Let the second set c(M) be the union of span(M\Y ) where Y runs over Y(M). Denote by
cone◦(M) the relative interior of cone(M). According to Dahmen and Micchelli [7], a connected
component of cone◦(M)\c(M) is called to be a fundamental M -cone. The following theorem de-
scribes the piecewise structure of the truncated power (cf. [11]).
Theorem 1. Let M be an s × n real matrix with rank M = s6 n. Suppose the convex hull of M
does not contain 0. Then T (·|M) agrees with some homogeneous polynomial of degree n − s in
D(M) on each fundamental M-cone. Moreover, T (·|M) is continuous and positive on cone◦(M).
Let M1 and M2 be s × n1 and s × n2 real matrixes, respectively. Assume that gconv(M1; M2)
does not contain the origin. By the hypothesis, it is clear that n1¡s. The generalized multivariate
truncated power GT(·|M1; M2) associate (M1; M2) is the distribution given by the rule
GT(·|M1; M2) : →
∫
Rn1
∫
Rn2+
(M1u1 +M2u2) du2 du1; ∈D(Rs): (3)
The generalized multivariate truncated power is useful for studying the lattice points in polytope.
Hence, we will study its some properties. According to (3), it is easy for proving:
GT(·|M1; M2) =
∑
Y⊆M1
T (·|M12(Y )); (4)
where M12 is an s×(n1+n2) matrix and M12=(M1; M2)=(m1; m2; : : : ; mn1+n2), M12(Y )=( Lm1; : : : ; Lmn1+n2),
if mi ∈Y , Lmi =−mi, otherwise, Lmi = mi.
By (4) and properties of multivariate truncated power, the following properties of generalized
multivariate truncated power can be proved easily. Hence, we omit their proofs.
If M12 is an s×s invertible matrix, GT(·|M1; M2) agrees with the function on Rs which takes value
1=|det(M12)| on gcone(M1; M2) and 0 elsewhere. Let M12 be an s× n real matrix with rank(M12) =
s6 n. If n¿s, then there exists an element y of M12 such that M12\y still spans Rs. The following
recurrence relation will be very useful:
GT(x|M1; M2) =
∫ ∞
0
GT(x − sy|M1; M2\y) ds; x∈Rs; y∈M2; (5)
GT(x|M1; M2) =
∫ ∞
−∞
GT(x − sy|M1\y;M2) ds; x∈Rs; y∈M1: (6)
For y∈M1,
DyGT(·|M1; M2) = 0: (7)
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For y∈M2,
DyGT(·|M1; M2) = GT(·|M1; M2\y): (8)
More generally
DYGT(·|M1; M2) = GT(·|M1; M2\Y ); (9)
where Y is a submultiset of M2 and DY :=
∏
y∈Y Dy. From (3), we see that the support of
GT(·|M1; M2) is gcone(M1; M2). Denote by gcone◦(M1; M2) the relative interior of gcone(M1; M2).
Similarly we have
Theorem 2. Let M1 and M2 be s × n1 and s × n2 real matrix, respectively. Let M12 = (M1; M2)
with rank M12 = s6 n = n1 + n2. Suppose gconv(M1; M2) does not contain 0. Then GT(·|M1; M2)
is locally integrable and is a homogeneous function of degree n − s. Moreover, GT(·|M1; M2) is
continuous and positive on gcone◦(M1; M2).
By (4) and some properties of truncated powers, the theorem can be proved easily.
3. Discrete truncated powers
Let M = {m1; : : : ; mn} be a multiset of integer vectors in Rs such that conv(M) does not contain
the origin. Denote by S the linear space of all sequences on Zm over the 3eld C. Given y∈Zs,
the backward diIerence operator ∇y is de3ned by ∇yf := f−f(· − y), f∈ S. More generally, for
a multiset Y of integer vectors, we de3ne ∇Y :=
∏
y∈Y ∇y. The following diIerence formula was
given in [7]: ∇Y t(·|M) = t(·|M\Y ), Y ⊆ M .
Consider the following system of linear partial diIerence equations for f∈ S: ∇Yf = 0, for all
Y ∈Y(M). The solutions of this diIerence equations system form a linear subspace of S which is
denoted by ∇(M). Given  = ( 1; : : : ;  s)∈ (C\0)s. Consider the set M := {y∈M :  y = 1}. Let
A(M) := { ∈ (C\{0})s : span(M ) = Rs}. As pointed out in [5] every z ∈A(M) has the form
z = (e2!i	
j
1=|det Y |; : : : ; e2!i	
j
s=|det Y |) (10)
for some Y ∈B(M) and some integer j, 16 j6 k = |det Y |, where B(M) = {Y ⊆ M : #Y = s;
span(Y ) = Rs}. The vectors 	1; : : : ; 	k are in Zs and given by the equations Y T	j = |det Y |#j,
j = 1; : : : ; k, where #1; : : : ; #k are lattice points in the parallelepiped determined by Y T, that
is {#1; : : : ; #k} = {Y Tv: v∈ [0; 1)s} ∩ Zs. In [5], Dahmen and Micchelli presented the following
theorem.
Theorem 3. A sequence f∈∇(M) if and only if it has the form f(	) =∑ ∈A(M)  	p (	), 	∈Zs,
where p is a polynomial in D(M ) for each  ∈A(M).
Let M be a multiset of integer m-vectors m1; : : : ; mn. Denote by [[M ]] the zonotope spanned
by m1; : : : ; mn: [[M ]] := {
∑n
j=1 ajmj: 06 aj6 1 ∀j}. For a subset  of Rs, we set v(|M) :=
Zs ∩ ( − [[M ]]). Dahmen and Micchelli proved the following important result in [7].
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Theorem 4. Let M ={m1; : : : ; mn} be a multiset of integer vectors in Rs such that M spans Rs and
the convex hull of M does not contain the origin. Then for any fundamental M -cone , there exists
a unique element f(	|M)∈∇(M) such that f(	|M) agrees with t(	|M) on v(|M). Moreover,
f(·|M) has the following properties:
f(	|M) = (−1)n−sf

−	− n∑
j=1
mj|M

 ; 	∈Zs: (11)
In [10], Jia extended the result to be the following theorem:
Theorem 5. Let  be a nonempty connected subset of Rs, and M a multiset of integer vectors
in Rs such that M spans Rs and the convex hull of M does not contain the origin. Let g be a
sequence on v(|M) satisfying the condition that for every Y ∈Y(M),
∇Y g(	) = 0; for all 	∈ v(|M\Y ):
Then there exists a unique element f∈∇(M) such that f agrees with g on v(|M).
Given  ∈ (C\0)s. Let p ∈P(Rs). We denote by  ()p the sequence given by 	 →  	p (	),
	∈Zs. Let E denote the linear space of all sequences of the form f =∑  ()p . It is easily seen
that every f∈E can be written uniquely in the form ∑  ()p . The mapping from E to P(Rs)
given by f → p is denoted by P , i.e., P f = p .
By Theorems 3 and 4, ∀ ∈A(M), ∃p (	)∈D(M ) such that
f(	|M) =
∑
 ∈A(M)
 	p (	); 	∈Zs:
According to the de3nition of P , P f(	|M)=p (	). Obviously, e∈A(M), where e=(1; 1; : : : ; 1)∈Zs.
In [7], Dahmen and Micchelli proved the following theorem.
Theorem 6. The leading homogeneous terms of Pef(·|M) agrees on  with T (·|M).
In [11], Jia gave an alternative proof of Theorem 6. Theorem 6 is useful for determining the degree
of f(·|M). In the following theorem, we give the leading homogeneous terms of P f(·|M), ∀ .
Theorem 7. The leading part of P f(·|M) agrees with
∏
w∈M\M [1=(1− −w)]T (·|M ) on , where
 ∈A(M).
Proof. The proof proceeds by induction on #M .
(1) Firstly, by induction on #M we prove P f(·|M) =
∏
w∈M\M [1=(1 −  −w)]T (·|M ) when
#M = s. When #M = s, t(	|M) = 1 if a = M
 for some 
∈Ns, and 0 otherwise. Moreover, by
Jia [11], the only fundamental M -cone is cone◦(M) and − [[M ]] ⊇ L= cone(M). Observing that
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cone(M) is the disjoint union of M [0; 1)s +M
, 
∈Ns, we have∑
+∈Zs∩M [0;1)s
t(	− +|M) = 1 for all 	∈Zs ∩ cone(M):
According to the de3nition of A(M),  +−	 = 1, when t(	− +|M) = 0.
Hence, we have∑
+∈Zs∩M [0;1)s
 +−	t(	− +|M) = 1; for all 	∈Zs ∩ cone(M):
Let , be an operator on the sequence space S given by
, f :=
∑
+∈Zs∩M [0;1)s
( −1)·−+f(· − +); f∈ S:
Since f(·|M) agrees with t(·|M) on v(|M) ⊇ Zs ∩ cone(M), we have
, f(	) = , t(·|M)(	) = 1; for all 	∈Zs ∩ cone(M):
Since #M = s, according to the de3nition of A(M), #M = s. Hence P f(·|M) is a constant
sequence. It is easy to see that Pe, f(·|M) = ,eP f(·|M). Hence, we have
1 = Pe(, f(·|M)) = ,eP f(·|M):
By Dahmen and Micchelli [6], #Zm ∩ M [0; 1)s = det|M |. Since P f(·|M) is a constant sequence,
we have
1 = ,eP f(·|M) = |det(M)|P f(·|M):
Hence, P f(·|M)=1=|det(M)|=1=|det(M )|, which agrees with T (·|M ) on . Because when #M=s,
M\M = ∅, this completes the proof for the case #M = s. Consider the case #M ¿s. Obviously,
∀w∈M\M ; P ∇wf(	|M) = P f(	|M) −  −wP f(	 − w|M). Since #M = s, P f(·|M) is a
constant sequence, i.e. P f(·|M)=P f(·−w|M). Hence, P f(	|M)=[1=(1− −w)]P ∇wf(	|M),
for all 	∈. Similarly, we have
P f(	|M) = P ∇Wf(	|M)
∏
w∈W
1
1−  −w ;
where W = M\M . ∇Wf·(	|M) agrees with t(·|M\W ) on v(|M\W ). Since M\W = M and
P f(·|M ) = T (·|M ), we have P f(	|M) = T (	|M )
∏
w∈W [1=(1−  −w)], 	∈Zs ∩. This com-
pletes the proof for the case #M = s.
(2) Consider the case #M ¿s. Suppose the theorem holds for any M ′ which satis3es #M
′
 =
#M \W ′, where W ′ is a subset of M , and span(M ′ ) = Rs. Let
∏
w∈M\M [1=(1 −  −w)]F be the
polynomial in which F ∈D(M ) and F agrees with T (·|M ) on . Pick w∈M . If M\w does
not span Rs, then both DwF and ∇wf(·|M ) vanish. If M\w spans Rs, then DwF agrees with
T (·|M \w) on  and ∇wf(·|) agrees with t(·M\w) on v(|M\w). By the induction hypothesis,
P (∇wf(·|M))−
∏
w∈M\M 
1
1−  −w DwF ∈P#M −s−2:
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Since w∈M , P ∇w(f(·|M))=∇wP (f(·|M)). Because of P f(·|M)∈P#M −s, it is easy to see
that
Dw(P f(·|M))−∇w(P f(·|M))∈P#M −s−2:
Thus we have shown that for every w∈M ,
Dw

P f(·|M))− ∏
w∈M\M 
1
1−  −w F


=Dw(P f(·|M))−∇w(P f(·|M)) +∇w(P f(·|M))
−
∏
w∈M\M 
1
1−  −w DwF ∈P#M −s−2:
Since spanM = Rs, we have
P f(·|M)−
∏
w∈M\M 
1
1−  −w F ∈P#M −s−1:
Hence, the leading part of P f(·|M) agrees with
∏
w∈M\M [1=(1−  −w)]T (·|M ) on .
In fact, Theorem 7 present the degree of P f. By Theorem 7 and properties of multivariate
truncated power, when  ⊂ cone(M ), the degree of P f is #M − s. If  ∩ cone(M ) = ∅,
P f ≡ 0. Lemma 8.2 in [11] is a key lemma for proving the conjecture of stanley about symmetric
magic squares. In fact, by Theorem 7, it is easy for proving the lemma.
4. Generalized discrete truncated powers
Let M1 and M2 be s × n1 and s × n2 integer matrixes, respectively. Assume gconv(M1; M2) does
not contain the origin. Let
gt(	|M1; M2) = #{
 = (
1; 
2): M1
1 +M2
2 = 	; 
1 ∈Zn1 ; 
2 ∈Zn2+ }: (12)
gt(	|M1; M2) is called to be generalized discrete truncated power. Obviously,
gt(	|M1; Es×s) = #{
∈Zn1 : M1
6 	}; (13)
where Es×s is an s× s identity matrix, and gconv(M;Es×s) does not contain origin point. Hence, the
generalized discrete truncated power present the number of solutions of linear Diophantine inequa-
tions. According to (12), we have
gt(·|M1; M2) =
∑
Y⊆M1
t(·|M1(Y ) ∪M2)−
∑
Y⊆M; Y =∅
t(·|(M1\Y ) ∪M2); (14)
where M1 = (m1; m2; : : : ; mn1), M (Y ) = ( Lm1; : : : ; Lmn1), if mi ∈Y; Lmi =−mi; otherwise, Lmi = mi.
Let M12 = M1 ∪ M2 and the set Y(M1; M2) consisting of those submultisets Y of M2 for which
M12\Y does not span Rs. The set c(M1; M2) is the union of span(M12\Y ), where Y runs over
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Y(M1; M2). A connected component of gcone◦(M1; M2)\c(M1; M2), is called a generalized funda-
mental (M1; M2)-cone. According to the de3nition of generalized discrete truncated power, we have
∇ygt(·|M1; M2) = 0; ∀y∈M1; ∇ygt(·|M1; M2) = gt(·|M1; M2\y); ∀y∈M2: (15)
Hence, for Y ∈Y(M1 ∪M2), if Y ∩ M1 = ∅, then ∇Ygt(	|M1; M2) = 0; 	∈Zs. If Y ∩ M1 = ∅, then
∇Ygt(	|M1; M2) = 0; 	∈, where  is a generalized fundamental (M1; M2)-cone.
Suppose M1 = (m1; : : : ; mn1); M2 = (m
′
1; : : : ; m
′
n2). Let
[[M1; M2]] :=


n1∑
j=1
ajmj +
n2∑
j=1
a′jm
′
j; −16 aj6 1; 06 a′j6 1; ∀j

 :
For a set ∈Rs, we set gv(|M1; M2) := Zs ∩ ( − [[M1; M2]]).
The following theorem shows the piecewise structure of gt(·|M1; M2).
Theorem 8. Let M1; M2 be two multisets of integer vectors in Rs such that gconv(M1; M2) does not
contain the origin. Then for any generalized fundamental (M1; M2)-cone , there exists a unique
element f(	|M1; M2)∈∇(M12) such that f(	|M1; M2) agrees with gt(	|M1; M2) on gv(|M1; M2),
where M12 =M1 ∪M2.
Let  be a generalized fundamental (M1; M2)-cone. By Theorem 5 and (15), there exists a unique
element f ∈∇(M12) such that f agrees with gt(·|M1; M2) on v(|M12). According to the de3nition
of gt(·|M1; M2), ∀Y ⊆ M1, gt(·|M1; M2) ≡ gt(·|M1(Y ); M2). Hence, f agrees with gt(·|M1; M2) on
gv(|M1; M2).
The following theorem present the Reciprocity law of gt(·|M1; M2). The Reciprocity law of discrete
truncated powers in Theorem 4 is a special case of the theorem.
Theorem 9. If M2 span Rs, under the condition of Theorem 8,
f(	|M1; M2) = (−1)n1+n2−sf
(
−	−
∑
m∈M2
m|M1; M2
)
; 	∈Zs:
Proof. According to the de3nition of gt(·|M1; M2) and t(·|M) we have
gt(	|M1; M2) =
∑
Y⊆M1
t

	− ∑
m∈M1(Y )
m|M1(Y ) ∪M2


+
∑
Y1⊆M1
∑
Y2⊆M1(Y1);Y2 =∅
t

	− ∑
m∈M1(Y1)\Y2
m|(M1(Y1)\Y2) ∪M2

 ; 	∈Zs:
By Theorems 4 and 8, f(	|M1; M2) agrees with gt(	|M1; M2) on gv(|M1; M2) and f(	|M1∪M2)
agrees with t(	|M1 ∪M2) on v(|M1 ∪M2).
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Since f(·|M1; M2) being polynomial,
f(	|M1; M2) =
∑
Y⊆M1
f

	− ∑
m∈M1(Y )
m|M1(Y ) ∪M2


+
∑
Y1⊆M1
∑
Y2⊆M1(Y1);Y2 =∅
f

	− ∑
m∈M1(Y1)\Y2
m|(M1(Y1)\Y2) ∪M2

 ; 	∈Zs:
Then
f
(
−	−
∑
m∈M2
m|M1; M2j
)
=
∑
Y⊆M1
f

−	− ∑
m∈M1(Y )
m−
∑
m∈M2
m|M1(Y ) ∪M2


+
∑
Y1⊆M1
∑
Y2⊆M1(Y1);Y2 =∅
f

−	− ∑
m∈M1(Y1)\Y2
m−
∑
m∈M2
m|(M1(Y1)\Y2) ∪M2

 :
By Theorem 4 and the above formulation equals
(−1)n1+n2−s
∑
Y⊆M1
f(	|M1(Y ) ∪M2) +
∑
Y1⊆M1
∑
Y2⊆M1(Y1);Y2 =∅
×(−1)n1+n2−s−#Y2f(	|(M1(Y1)\Y2) ∪M2):
By the de3nition of gt(·|M1; M2) and the inclusion–exclusion principle, the above formulation equals
(−1)n1+n2−sf(	|M1; M2). Hence, the theorem holds.
By (4) and (14), we have
Theorem 10. Under the condition of Theorem 8, the leading part of Pef(·|M1; M2) agrees with
GT(·|M1; M2) on .
5. Lattice points counting in rational polytope
In general, a quasipolynomial Q(t) is an expression of the form cn(t)tn + · · · + c1(t) + c0(t),
where c0; : : : ; cn are periodic functions in t. The least common multiple of the periods of c0; : : : ; cn
is called the period of Q(t). A quasipolynomial Q(t) in the d-dimensional variable t = (t1; : : : ; td)
is the natural generalization of a quasipolynomial in a one-dimensional variable: an expression of
the form
∑
06k1 ; ::: ;kd6n c(k1 ; ::: ;kd)t
k1
1 · · · tkdd , where c(k1···kd) = c(k1···kd)(t1; : : : ; td) is periodice in t1; : : : ; td.
The least common multiple of the periods of c0; : : : ; cn on tk is called to be the period of Q(t) on
tk . Recall that two polytopes are combinatorially equivalent if there exists a bijection between their
faces that preserves the inclusion relation. Recall some notations (see [1]).
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De+nition 1. Let the convex rational polytope P be given by P = {x∈Rn: Ax6 b}, with
A∈Mm×n(Z), b∈Zm. Here the inequality is understood componentwise. For t∈Zm, de3ne the
vector-dilated polytope P(t) as P(t) = {x∈Rn: Ax6 t}.
For those t for which P(t) is combinatorially equivalent to P = P(b), we de3ne the number of
lattice points in the interior and closure of P(t) as
iP(t) = #(P(t)
◦ ∩ Zn); jP(t) = #( LP(t) ∩ Zn);
respectively.
De+nition 2. Let P be a rational polytope. Write P =
⋃r
k=1 Pk , where Pk are convex rational
polytope, say,
Pk = {x∈Rn: Akx6 bk};
with bk ∈Zmk . Given t∈Zm, where m = m1 + · · ·mr , combine the 3rst m1 components of t in a
vector t1, the next m2 components in t2, etc. De3ne the vector-dilated polytope P(t) as
P(t) =
r⋃
k=1
P
(tk)
k :
For those t for which P(t) is combinatorially equivalent to P, we de3ne as above
iP(t) = #(P(t)
◦ ∩ Zn); jP(t) = #(P(t) ∩ Zn):
In [1], Beck proved the following.
Theorem 11 (Beck [1]). Suppose the rational polytope P is homeomorphic to an n-manifold. Then
iP(t) and jP(t) are quasipolynomials in t∈Zm, satisfying
iP(−t) = (−1)njP(t):
Let the convex rational n-dimensional polytope PA be given by
PA = {x∈Rn: Ax6 b}
with A∈Ms×n, b∈Zs. Hence, jPA(t)=gt(t|A; Es×s); iPA(t)=gt(t−e|A; Es×s), where e=(1; : : : ; 1)T ∈Zs.
For reasons of simplicity, in the remaind the section, we only consider the rational convex polytope.
Because of any rational polytope can be considered as the union of some convex rational polytopes,
the similar results can be generalized to any rational polytope.
In fact, if both t∈Zs and b belong to the same generalized fundamental (A; Es×s)-cone , P(t)A is
combinatorially equivalent to PA. Using the properties of gt(·|A; Es×s), we can prove Theorem 11.
Moreover, we have
Theorem 12. Suppose the rational polytope PA is homeomorphic to an n-manifold. Then iPA(t)
and jPA(t) are quasipolynomial in t whose degree is the dimension of PA and whose period is less
than the least common multiple of |det(Y )|, Y ∈B(A ∪ Es×s).
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Since t∈, where  is a generalized fundamental (A; Es×s)-cone, the leader term of iPA(t) is
GT(t|A; Es×s). So the degree of iPA(t) can be presented. The period of iPA(t) depends on  t. By
(10),  t=e2!i
∑ s
k=1 tk 	
j
k =|det Y |. Since 	jk ∈Z, the period of iPA(t) is less than the least common multiple
of |det(Y )|, Y ∈B(A ∪ Es×s). Because of jPA(t) = iPA(t− e); the same result can be generalized to
jPA(t).
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